
Self-Tuning Control with Decoupling 

A new method to design adaptive, self-tuning controllers is presented 
that incorporates decoupling for multivariable control problems. The 
algorithm is shown to result from two very different derivations. The first 
approach employs multiple single-input /singboutput self-tuning con- 
trollers but with a classical decoupling scheme incorporated: the sec- 
ond approach utilizes a novel selection of design parameters in an 
existing multivariable self-tuning control method. The decoupling self- 
tuning controller is capable of handling unknown or time-varying time 
delays. Simulation studies utilizing two distillation column models show 
that the controller can provide excellent control even for highly nonlin- 
ear and highly interacting processes. 
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Introduction 
Multivariable chemical processes often exhibit characteris- 

tics that challenge traditional process control technology based 
on the use of multiple control loops, each loop incorporating a 
fixed-parameter three-mode controller. Problems arise when- 
ever the process is: 

1. Complex, which leads to difficulties in finding a suitable 
control structure (pairing of measured and manipulated vari- 
ables) and in obtaining a useful dynamic characterization (mod- 
el) from which to calculate suitable settings for the controller 
parameters 

2. Nonlinear or time-varying, which leads to a changing 
dynamic model as the process and/or its operating conditions 
vary 

3. Highly interacting, which usually produces unsatisfactory 
control due to interactions between the control loops 

In recent years a greatly increasing research effort has been 
directed at the control of multiple-input/multiple-output pro- 
cesses to try to avoid these problems. Adaptive control methods 
have been singularly effective in dealing with some of the diffi- 
culties, particularly those involving poor or time-varying process 
models. Since their introduction in 1973, self-tuning adaptive 
controllers have been applied in a growing number of applica- 
tion areas. The basic idea behind self-tuners is to identify an 
empirical model from process input-output data obtained at  
each sampling instant, and to use the process model to adapt the 
controller parameters each time the model is updated. This 
approach appears to work very well with many different types of 
processes. The single-input/single-output self-tuning controllers 
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developed originally by Astrom and Wittenmark (1973) and 
Clarke and Gawthrop (1975) have been continually developed 
and refined; they also have been extended to a number of multi- 
variable versions. Recent survey papers by Astrom (1983) and 
Seborg et al. (1986) characterize the explosive growth in this 
field. 

In many process control applications an important require- 
ment is to be able to accommodate unknown, and time-varying, 
time delays in the process. Until quite recently, virtually all of 
the self-tuning techniques have required that time delays be 
known and constant; a paper by Prager and Wellstead (1 980) 
appears to be the first to relax this restriction. Since then, sev- 
eral self-tuning techniques have incorporated the ability to deal 
with varying time delays effectively, including those of Vogel 
and Edgar (1982), Chien et al. (1984, 1985), and McDermott 
and Mellichamp (1984). The approach of Chien et al. moved a 
step further by also incorporating a time delay compensator that 
effectively increases the stability bounds of the controlled pro- 

The problem of interactions among control loops has been vir- 
tually ignored in the self-tuning literature, the exceptions being 
the multiloop decoupling, self-tuning controllers of McDermott 
and Mellichamp (1984) and Lang et al. (1986). However, the 
problem of decoupling in multivariable systems has been widely 
discussed in the chemical engineering literature, at least for the 
case of constant (nonadaptive) controllers. Two different ap- 
proaches have been developed that attempt to minimize loop 
interactions through decoupling. 

The first approach, known as internal decoupling, utilizes 
alternative pairings of manipulated and controlled variables to 
create new control loops that are less interactive. This methd- 
discussed by Rijnsdorp (1969,  Shinskey (1979). Wood and 
Berry (1973), Ryskamp (1980), and McAvoy (1983)-ordi- 

cess. 
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narily is preferred. However, an appropriate combination of 
variables may not be feasible if the existing control configura- 
tion cannot be altered or if the nature of the multivariable sys- 
tem precludes such a choice. The second approach utilizes 
knowledge about the dynamics of the multivariable system to 
synthesize a decoupling strategy that is incorporated in the con- 
trol algorithm. This method has been called external decoupling 
(Jafarey and McAvoy, 1978). It might also be termed algorith- 
mic decoupling. Such schemes have been widely studied by 
Luyben (1970). Waller (1974), Shinskey (1979), and Weis- 
chedel and McAvoy (1980). 

Since the second approach requires an accurate dynamic 
model of the multivariable system in order to obtain satisfactory 
decoupling control, the use of adaptive control methods is very 
attractive. Any self-tuning method that generates an explicit 
multivariable process model a t  each sampling time through use 
of a suitable on-line parameter estimation algorithm can be 
used. Consequently, this paper describes the development of a 
decoupling strategy of the external type discussed above using 
single-variable self-tuning controllers with time delay compen- 
sation (STC-TDC) of Chien et al. (1984). The method is shown 
to be exactly equivalent to the multivariable STC-TDC of Chien 
et al. (1985) when a unique choice of controller weighting is 
made. Two simulated distillation systems are then used as 
examples to evaluate the new STC-TDC with decoupling. The 
first example is the transfer function model of Wood and Berry 
(1973) with provision for varying time delays and process gains. 
The second example is a physical model of a distillation column 
developed by Weischedel and McAvoy (1980). This model 
exhibits severe nonlinearities and a high degree of interaction 
between manipulated and controlled variables. 

Decoupling Design Methods 
Two basic approaches to external or algorithmic decoupling 

design are discussed in the distillation control literature, name- 
ly, ideal decoupling and simplified decoupling (Luyben, 1970; 
Waller, 1974; Shinskey, 1979; Weischedel and McAvoy, 1980). 
To illustrate these two approaches to external decoupling, we 
consider a system with two inputs and two outputs. 

Ideal decoupling 
The goal of ideal decoupling is to permit each control loop to 

behave as if the other loop were not present, i.e., the output 
response of each loop should be the same as would be obtained if 

the other loop were on manual control. Figure 1 shows a block 
diagram for ideal decoupling. (Luyben uses a different arrange- 
ment of this block diagram, but the result is equivalent to that in 
Figure 1.) 

By specifying D,,  and DZ1 as 

the open-loop transfer function relating y ,  and uI1  is 

A similar expression can be derived for the transfer function 
relating y ,  and uZ2. 

The control signals that affect the process can be calculated 
from the expression: 

Simplijed decoupling 
Waller (1  974) suggests an alternative controller decoupling 

strategy to eliminate interactions between loops. Figure 2 shows 
the block diagram for his simplified decoupling. 

The decoupling matrix D can be specified as one of the four 
choices given below: 

Y.' I -- I 

1 GPZZ 1 J 

Figure 1. Ideal decoupling. 
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Figure 2. Simplified decoupling. 

(7) 

The open-loop transfer function relating y ,  and u , ,  when Eq. 
5 is used for decoupling is: 

(9) 

Similar expressions can be derived for the transfer functions 
relating y, and y2 ,  and for the alternative decoupler configura- 
tions in Eq. 6, 7, or 8. 

The advantage of simplified decoupling is that one of the four 
decouplers is always physically realizable if the model orders are 
chosen to be equal. For example, if the process has off-diagonal 
time delays smaller than on-diagonal time delays, ideal decou- 
pling will not be realizable, but one of the four choices of the 
simplified decoupling scheme always will be. The disadvantage 
of simplified decoupling is that it affects the apparent transfer 
function between each input-ouput pair; for example, compare 
Eqs. 3 and 9. This characteristic complicates the problem of 
designing G,, and Gc2. 

In the next section we propose two methods to eliminate inter- 
action for the self-tuning controller with time delay compensa- 
tion. The first method uses ideal decoupling with multiple sin- 
gle-input/single-output self-tuning controllers including time 
delay compensation (Chien et al., 1984). Ideal decoupling is 
used instead of simplified decoupling because the controller 
relations are much easier to obtain when using this decoupling 
scheme with the STC-TDC. The second method starts with the 
multivariable STC-TDC (Chien et al., 1985) and utilizes a par- 
ticular choice of weighting matrix in the controller. The two 
methods unexpectedly reduce to identical closed-loop relation- 
ships. 

Multiple Single-Variable STC-TDC's 
with Decoupler 

We first illustrate this approach through the use of two single- 
input/single-output STC-TDC's with ideal decoupling. A de- 

tailed derivation of the single-variable version of the STC-TDC 
can be found in Chien et al. (1984). The process model to be 
considered is a multiple-input/multiple-output, discrete-time 
system with different time delays in individual loops described 
by 

A ( z - ' ) y ( t )  = B ( z - ' ) u ( t )  + d + C(z-')[(t) (10) 

where y E R" is the output; u E R" is the manipulated input; 
d E R" is the constant, steady-state output response for a zero 
input signal; and ( E R" and [ [ ( t ) ]  is a sequence of indepen- 
dent, normally distributed random vectors with zero means and 
with covariance matrix [ [ ( t ) ( ( t ) T ]  = rp. Here the sampling 
instant is denoted by t (t  = 0, 1,2, . . .). 

A is an m x m diagonal polynomial matrix with elements: 

where k'J, the time delay, is a positive integer expressed as a mul- 
tiple of the sampling period (kv  t l )  initially assumed to be 
known. C is an m x m diagonal polynomial matrix with ele- 
ments 

It is assumed that the roots of the determinant of C ( z - ' )  lie 
inside the unit circle in the complex z plane. 

In terms of the process model shown in Figures 1 and 2: 

Using the single-loop STC-TDC strategy, we can obtain C,, cor- 
responding to C,,, and GC2 corresponding to GP2,. Briefly, the 
technique requires that a cost function be defined: 

Z, = &{[Pi ' ( z - ' )y i ( t  + kii )  - R"(z-')~,(t)]~ 
+ [Qi i ( z - ' )u i ( t )12~ (15) 

where w i ( t )  is the set point for the ith loop and P"(z- ' ) ,  
Q"(z-'), and R"(z-')  are weighting polynomials. A discrete 
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version of the modified Smith predictor is substituted for 
yi(t + kit) 

relationships between outputs and set points: 

n.4 

Here 2: is used to denote b f ,  i.e., a scalar element. Minimi- 

zation of the cost functionf%bject to the physical realizability 
constraint imposed by the identity in z-' 

(17) cilpii ~ ~ t t  + z - l ~ i i  

leads to the control laws 

(c22p22x22 + C22A22Q22 - F22B22)u22 

= A 2 2 ( C 2 Z R 2 z ~ 2  - FZ2y2)  (19) 

Note that the use of the modified Smith predictor changes the 
identity in Eq. 17 from its usual form involving to the pres- 
ent form. The advantages of this approach, particularly its 
enhanced stability characteristics, have been emphasized earlier 
(Chien et al., 1984). 

Application of the ideal decoupling expressions given by Eq. 4 
leads to the decoupling relations; for the 2 x 2 example, these 
are 

(B"BZ2 - B 1 2 B 2 1 ) ~ l  = B " B 2 2 ~ l l  - BL2B22u22 (20) 

Figure 3 shows the block diagram for the 2 x 2 example. Here, 
two single-input/single-output (SISO) STC-TDC's are used 
with the ideal decoupling relations. From the standpoint of 
implementation, the process model can be identified at each 
sampling instant by any suitable technique, for example, a mul- 
tivariable recursive least-squares method utilizing the known 
input-output data, to develop explicit model parameters. In this 
work, extended least squares with UD factorization has been 
used. Once the model parameters are available, each controller 
equation (e.g., Eq. 18) can be developed independently of the 
other@). Development of the decoupling relationships (e.g., Eq. 
20) can follow. Finally, the inputs to the process-u,, u2. . . .- 
can be computed and applied. Implicit in this development, as in 
all STC developments, is that the estimated parameters can be 
substituted for the actual parameters in Eqs. 16 through 21. The 
most restrictive assumption in this development, the availability 
of known and unvarying time delays, will be dealt with below. 

Multivariable STC-TDC 
An alternate decoupling approach can be based on a novel 

selection of the Q matrix in the multivariable STC-TDC con- 
troller design. A detailed derivation of this multivariable con- 
troller without decoupling can be found in Chien et al. (1985). 
The resulting control law is 

(B"B22 - B"B2')u2 = - B " B 2 L ~ I I  + B L ' B 2 2 ~ 2 2  (21) 

Note that these equations are applicable when the off-diagonal 
delays are larger than the on-diagonal delays, i.e., k" < kI2 and 
k22 < k2'. The closed-loop equations can be derived by com- 
bining Eqs. 18 through 21 with the process model to obtain the 

where 

t = CRW - Fy - d (25) 

Yi 

Y2 

Figure 3. Two SISO STC-TDC's with ideal decoupllng. 
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In Eqs. 24 and 25 u, c, w, y. and d are vectors. The remaining 
elements are matrices analogous to the SISO quantities. Note 
that Q, the input weighting matrix, in Eq. 24 is full rather than 
diagonal as in the previous development. 

The closed-loop equation is obtained by substituting Eq. 24 
into the process model, Eq. 10, and simplifying to obtain 

The Appendix gives the details of this derivation. The closed- 
loop relationship between outputs and set points is then 

expanded to accommodate the extra delays in excess of k2in as 
follows: 

with ril determined by 

Using the expanded polynomial matrix BE, the decoupling 
equations, Eqs. 20 and 21, become: 

11 22 11 22 
( B E  B E  - Bk2B?)u1 = B E  B E  uI1 - Bk2Bi2u2, (36) 

By inspection of Eq. 27, we see there will be no interaction if the 
matrix product B(P& + AQ)-' is diagonal. Since Q is a user- 
specified weighting matrix, let the element Q'I be a rational 
function: 

Again taking a two-input/two-output system as an example, the 
condition for B(P& + AQ)-' to be diagonal is: 

Solving Eq. 29 for Q:' and Q;', we obtain 

where 

Similar expressions can be obtained for Qf' and (2:'. 
Substituting the control law, Eq. 24, and the expressions for 

Q:', QP, Q.". and Q:' into the process model, Eq. 10, the rela- 
tionship between the outputs and set points is identical to Eqs. 
22 and 23. Thus these two methods generate identical control 
laws and closed-loop relations even though they are based on dif- 
ferent approaches. 

Unknown and Varying Time Delays 
The above analysis is based on a process model with known 

time delays. If the actual time delays are not known but the 
range of each time delay is known, ks, ,  5 k'] I k k ,  then the B 
polynomial matrix in the process model, Eq. 10, can be 

If the actual time delays, k" and kz2, are greater than the 
minimum expected time delays, k :,, and kzi,,, the estimated 
leading coefficients of Bk' and B i z  will be close to zero. Equa- 
tions 36 and 37 will generate extremely large (unstable) control 
signals. In order to obtain stable control, a conservative criterion 
should be used to eliminate leading coefficients of BL1 and Bi2  
when the values are close to zero. A suitable empirical criterion 
was found to be: 

> 0.2 j = 0,. . . ,r i i;  i = 1 ,  2 (38) l@l 
max I gy I 

If the lead coefficient fails to satisfy the criterion, this coeffi- 
cient should be dropped and the corresponding time delay, &Iin, 
in that polynomial increased by one. The procedure is repeated 
with successive coefficients in'the polynomial until the criterion 
is satisfied. The remaining coefficients of the polynomial then 
should be scaled so as to retain the process gain of the original 
estimated process model. 

Simulation Results 

In this section, simulation results for two distillation column 
models are presented. Comparisons of the STC-TDC with 
decoupling are made with several previously reported control- 
lers. 

Example I 
The performance of the STC-TDC with decoupling is first 

demonstrated using the two-input/two-output model developed 
by Wood and Berry (1973) for a pilot-scale distillation column 
that separates a mixture of methanol and water. This model has 
been used in a number of other multivariable control studies, 
including those by Shah and Fisher (1978), Ogunnaike and Ray 
(1979), Vogel and Edgar (1982), and McDermott and Melli- 
champ (1984). For the typical steady state operating conditions 
in Table 1, Wood and Berry (1973) reported the following 
empirical transfer function model 
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Table 1. Typical Steady State Operating Conditions 
for Example 1 

~ 

12.8e-" - 18.9e-'" 
21.0s + 1 

6.6e-" - 19.4en3" 
14.4s + 1 

16.7s + 1 

10.9s + 1 

Product split 

Rcflux flow rate 0.885 kg/min 
Steam flow rate 0.776 kg/min 
Feed flow rate 1 . 1 1  kg/min 
Feed composition 

0.5-96.0 wt. % methanol 
No. of trays a 

46.5 wt. % methanol 

(40) 

where the inputs and outputs are deviation variables defined as 

y, - overhead product composition (wt. % methanol) 

y2 - bottoms product composition (wt. % methanol) 

u1 - reflux flow rate (kg/min) 

u2 - steam flow rate (kg/min) 

L - feed flow rate (kg/min) 

The transfer function matrices, G,(s) and G,(s), are  given by 

113.2s + 11 

This process was simulated after first converting the transfer 
function model into a state-space model as discussed by Ogun- 
naike and Ray (1979). For control purposes, a sampling period 
of 1 min was chosen; process noise was simulated by adding a 
white noise signal with a standard deviation of 0.025 to the feed 
flow rate input, L. 

A particular test sequence was employed to examine the per- 
formance of three control strategies. A step change of 0.5% was 
made in the set point of the overhead composition a t  t = 20 min. 
After returning to the original set point a t  t = 70 min, a step 
change of 0.154 kg/min in the feed flow rate (approx. 14%) was 
made at r - 120 min. Simultaneously with the feed flow rate 
increase, the process gain and time delays were decreased so 
that the process model in Eq. 40 was replaced by 

[ 6.1 - 8.4e-2" 1 
16.7s + 1 21.0s + 1 

3.5e-& -8.8e-" 
Gt(s) - 

1 110.9s + 1 14.4s + 1 

Finally, the sequence of set point changes in the overhead com- 

position was repeated with an increase a t  t = 200 min, followed 
by a decrease a t  t = 250 min. 

This test sequence was first introduced by Vogel and Edgar 
(1982) and is used here to obtain results that can be compared. 
The assumption of instantaneous gain and time delay changes is 
very approximate with respect to dynamic operations of the 
hypothetical column after an increase in feed flow rate; it does, 
however, furnish a drastic test case for the adaptive controller 
because of the suddenness of the model change. 

The standard self-tuning controller with no provision for time 
delay changes (STC) was considered first, using the test proce- 
dure described above. The STC design, based on the original set 
of time delays, was found to go unstable as soon as the time 
delays changed. (No plots are shown.) Figure 4 shows the results 
of the standard self-tuning controller with provision for time 
delay changes, i.e., with expanded B polynomial matrix, using 
assumed minimum time delays of kLi, = 1, k:i,, = 3, k:,, = 5 ,  
and ks , ,  = 2. As discussed by Chien et al. (1984), the stable 
region of tuning parameter Q is quite small; in this case h (the 
single parameter in Q, ordinarily picked by a simple trial-and- 
error simulation procedure) has to be chosen very large in order 
to satisfy stability criteria. From Figure 4 we note that although 
the first series of set point changes is stable, the response is oscil- 
latory. In the second series of changes, the system response is 
very sluggish due to the required use of large h in the Q poly- 
nomial matrix. Note that standard proportional-integral con- 
trollers, even with decoupling, will not work for this test case 
because the large changes in gains and time delays completely 
detune the controllers and the decouplers, all of which must be 
conservatively designed on the basis of a fixed model. 

Figure 5 shows the results of applying the multiple-input/ 

97'0 I------ 

.,.- 
0 50 100 150 200 250 300 

Time (rnin) 

Figure4. Standard STC with provision for time delay 
changes. 
P - (1 - 0.8z-')k Q - 3(1 - I-') diag(1, - 1)f; R - 0.21 
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Figure 5. MIMO STC with time delay compensation. Figure 6. STC with time delay compensation, with decou- 
P - ( 1  -0.8r-')I;Q=O.Ol(l -z-l)diag(l, -1)1;R-0.21 piing. 

P - (1 - 0.8z-')I; Q - O.Ol(1 - I-') diag(1, -1)R R - 0.21 

multiple-output (MIMO) STC-TDC of Chien et al. (1985). The 
closed-loop performance is quite good, indicating that this con- 
troller can handle both time delay and gain changes. However, 
significant loop interactions develop when the set points are 
changed. In contrast, Figure 6 shows the application of the 
STC-TDC with decoupling for the same test sequence. Note 
that this adaptive system is almost completely decoupled and 
that both its set point tracking and load response characteristics 
are excellent. 

For this example and the following ones, the STC weighting 
matrices-P, Q, R-were chosen following the guidelines given 
in Sec. 4.7 of Chien (1985). 

Example 2 
The performance of the STC-TDC with decoupling is further 

demonstrated and compared with alternative controllers using a 
distillation column dynamic model developed by Weischedel 
and McAvoy (1980). This model describes a hypothetical 
methanol-ethanol column whose characteristics are summa- 
rized in Table 2; the model was derived by writing overall and 
component mass balances for each tray in the column. Thus the 
model consists of 2N + 2 (56)  nonlinear differential equations, 
where N is the number of trays, plus a set of algebraic energy 
equations, relations for vapor-liquid equilibria, physical prop- 
erty data, and related factors. 

In our simulation studies using this nonlinear dynamic model, 
the overhead and bottoms compositions were controlled by ma- 
nipulating the reflux flow rate and the vapor flow rate from the 
reboiler. Analyzer dynamics were modeled as a pure time delay 
of 4 min. Process noise was introduced by adding a white noise 
signal, with zero mean and a standard deviation of 0.01, to the 
feed flow rate. 

The following set point test sequence was employed to exam- 
ine the performance of three alternative control strategies. A 
step change of 0.5% was first made in the set point of the bot- 
toms composition controller. The set point was then returned to 
its nominal value. After a second similar step change was made 
in the bottoms composition, the set point of the overhead compo- 
sition controller was changed to 0.995 in order to demonstrate 
the controller performance under different operating condi- 
tions. 

The performance of the conventional decoupling control 
scheme (without self-tuning) developed by Weischedel and 
McAvoy (1980) was first investigated. The transfer function 
matrix model reported by Weischedel and McAvoy, with a time 
delay of 4 min incorporated to represent analyzer dynamics, was 

Table 2. Column C Information 

The column, usually referred to as column C, is highly nonlin- 
Methanol-ethanol 
0.01-0.99 mol frac. methanol ear and exhibits a large degree of interaction. For example, a t  
21 

position and reflux flow rate is A,, = 18.5. More detailed Reflux flow rate 3.384 mol/min 
descriptions of the column model and the computer simulation 3.856 mol/min 
are available elsewhere (Weischedel, 1980; Weischedel and 1 S O  mol/min 

0.5 mol frac. methanol McAvoy, 1980). 

 split 
No. of trays nominal operating conditions the relative gain between top com- 

Vapor flow from reboiler 

Feed Feed composition flow rate 
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used to design the simplified decouplers in Eq. 5 and to tune two 
conventional PI controllers. Using the effective open-loop trans- 
fer functions for the process and decouplers, as shown in Eq. 9, 
Ziegler-Nichols settings for the top loop were found to be K, = 

178.8 mol/min, TI - 16.8 min; for the bottom loop, K, - -253.6 
mol/min, 7f = 17.9 min. These large controller gain values arise 
from the extra factor in Eq. 9, which results in a very small mul- 
tiplier for this case. 

The above PI controller settings, with simplified decoupling, 
were tested first; the resulting closed-loop system was unstable. 
By trial and error, the top and bottom loop controller gains were 
reduced to y, and '/6 of the original settings, respectively, to 
obtain the reasonable closed-loop responses of Figure 7. The 
response of the bottoms set-point change is quite good, but inter- 
action effects still are evident in the overhead composition. After 
the last set point change in the overhead composition, the 
response began to oscillate. Due to the slight shift in operating 
conditions, the linear model reported by Weischedel and Mc- 
Avoy (1980) cannot adequately describe the highly nonlinear 
column. 

The standard STC was investigated as the next candidate 
controller. A detailed description of the method can be found in 
Chien et al. (1983). The sampling period was chosen to be 4 min 
and the predictive model was based on the following model 
parameters: n,, = 2, - 1, n, - 1, k - 2. As indicated in Figure 
8, the STC adapts to the operating condition changes quite well 
except that loop interactions are present during set point 
changes. 

Finally, Figure 9 shows the performance of the STC-TDC 
with decoupling for this test sequence. The sampling period was 
again chosen to be 4 min, and the process model utilized n: - 2, 
r" = 2, n; - 0, and Gim = 1 in Eqs. 10 and 34. The responses 
shown in Figure 9 are excellent, with the system almost com- 

r----l 100.0 

2.0 

3 
z 1.5 - - 
rn 

X 
1 .o 

0.5 
0 200 400 600 800 1000 

Time (rnin) 
Figure 7. Dual-loop PI controller with simplified decou- 

pilng. 

1 100.0 

98.5 L i 

I 
0 200 400 600 800 lo00 

0.5 1 

Time (min) 

Figure 8. Self-tuning controikr. 
P - (1 - 0.7Z-I)k Q - 0.02( I - 2-I) diag( 1, - 1); R - 0.21 

pletely decoupled. This example shows that the STC-TDC with 
decoupling works well even for a highly nonlinear, interacting 
column. 

This example also can indicate the need to have good u priori 
estimates of the time delays for both the PI with decoupling con- 

2*or----l 
I 

0 200 400 600 800 1000 
0.5 1 

Time (min) 

Figure 9. STC with time delay compensation, with decou- 
piing. 
P - (1 - 0.7z-')& Q - 0.02( 1 - z-I) diag( 1. - 1)f: R - 0.31 
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trol system and for the standard STC. In the former case, the 
two primary (PI) controllers and the decouplers are designed 
(tuned) carefully for particular values of the time delays. In the 
latter case, the model structure must be matched carefully to the 
assumed values of the time delays. In either instance a change in 
the actual delays from design values-for example, the analyzer 
time becomes different from the assumed value of 4 min-will 
result in a deterioration in the system responses, although the 
standard STC will exhibit less deterioration than the PI  control 
system. In contrast, the STC-TDC is designed to handle such 
discrepancies, estimating different values of the elements in the 
B polynomials as the process time delayts) change and modify- 
ing the controller response accordingly. Since in this case the 
estimated process delay model can match the process delays 
exactly, the controller can deal with time delay changes directly 
and efficiently. 

Conclusions 
Decoupling methods have been proposed to eliminate interac- 

tions between control loops in multivariable processes that are 
controlled by either of the two self-tuning controllers incorporat- 
ing time delay compensation (STC-TDC) of Chien et al. 
(1984, 1985). It is concluded that the two design methods, 
although based on very different starting points, lead to the 
same control law. Simulation studies of two distillation columns 
show: 

1. The standard multivariable STC does not work well if 
unknown time delay variations are encountered 

2. The PI control system (with simplified decoupling) of 
Weischedel and McAvoy (1 980) exhibits oscillatory responses 
for a high-purity distillation column when the operating condi- 
tions are changed 

3.  The STC-TDC with decoupling performs well with both 
these distillation column models and the respective closed-loop 
systems are seen to be almost completely decoupled. 
These two examples clearly demonstrate the superior perfor- 
mance of this new controller over traditional multiloop PI con- 
trollers, even with decoupling, and over adaptive multivariable 
controllers that do not incorporate time delay compensation 
and/or decoupling. 

Notation 
A, B, C process z-transform polynomial matrices 

A", B", c" = elements of the process polynomial matrices 
4 = coefficient of A" polynomial 
B'j = process polynomial of B" without time delay term 
@ = expanded polynomial of B'J 
bj' - coefficient of Bij polynomial 
by = coefficient of B$ polynomial 
c: = coefficient of Cii polynomial 
D = decoupling matrix 

Dij = (i, j )  element of D 
d = bias term in process model 
ei = error signal of loop i 
6 = expectation operator 
F - polynomial matrix 

F" - (i, i) element of F 
G,, = controller transfer function for loop i 
G, = disturbance transfer function matrix 
G, = process transfer function matrix 

GPlj = (i, j )  element of process transfer function matrix G, 
Gb(s) = process transfer function matrix (after load change) 

K, = proportional gain of PI controller 
kb = time delay between output i and inputj(kij 2 1) 
& - maximum expected time delay between output i and input 

el,, = minimum expected time delay between output i and input 
i 

L = load disturbance 
rn = dimension of multivariable system 
N = number of trays 

n, - order of A polynomial matrix 

n, - order of B polynomial matrix 

n, = order of C polynomial matrix 
P - polynomial matrix 
pi' = polynomial 
Q = polynomial matrix 

Q'' = polynomial or rational function 
QS = denominator polynomial of Q" 
Q! = numerator polynomial of Q" 
R = polynomial matrix 

R" - polynomial 
r" = order of Eg polynomial 
rE - covariance matrix for white noise 
s = Laplace transform variable 
t = sampling instant 
u = manipulated input vector 
ui - manipulated input for loop i 
uii = controller output for loop i 
uI, - output from the decoupler D,, 
w, = setpoint for loop i 
y = measured output vector 
y,  - measured output for loop i 
z = z-transform variable 

n,ii = order of A" polynomial 

nBij = order of B" polynomial 

n,ii = order of C" polynomial 

Greek letters 
t = error vector 

A = scalar parameter in Q" 
= white noise vector 

nbJi 

1-0 
Z$ = ( i ,  i )  scalar element - C B Y  
& = matrix of scalar elements 
A, = relative gain array element 
T, = reset time of PI controller 

Appendix A: Derivation of Closed-loop Eq. 26 
Substituting Eqs. 24 and 25 into Eq. 1 yields 

Ay( t )  = B(CPZIB + CAQ - FB)- 'A  

- [CRw(t) - F y ( t )  - d ]  + d + C [ ( t )  (Al )  

Collecting y ( t )  terms on the lefthand side gives 

[ A  + B(CPZB + CAQ - FB)- 'AF]y( t )  

= B(CPZB + CAQ - FB)-'A 

* [CRw(t) - d ]  + d + C t ( t )  (A2) 

Premultiplying by (CP& + CAQ - FB)B-' gives 

[(CPZB + CAQ - FB)B-'A + A F ] y ( t )  

3 ACRw(t) + [(CPZB + CAQ - FB)B-'  - A ] d  

+ (CPZB + CAQ - F B ) B - ' C t ( t )  (A3) 

Since A ,  C, and F a r e  all diagonal matrices, Eq. A3 becomes 

[(CPZB + CAQ)B-'Ay(Z) 

= CARw(t) + [CAQB-' + CPZ,B-' - F - A]d  
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The  appropriate form of the  identity is (Eq. 6.6 in Chien, 1985, 
with E = I and K = z-I): 

Substituting the  steady state version of Eq. AS (since d is 
assumed to  be constant) and  premultiplying the whole equation 
by C-’, we obtain 

[(PZ, + A Q ) B - ’ A ] y ( t )  = ARw(t) 

+ A(I)Q(I)B-’(I)d + [ (PZ,  + AQ)B-’C - F ] E ( t )  (A6) 

Rearrangement of Eq. A6 leads directly to Eq. 26. 
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